Nanoparticle growth in arc discharges is analysed numerically. An analysis is carried out for the root growth method of nanotubes in plasmas. The existing models for estimating the growth of nanoparticles in stationary plasmas are extended to plasmas with variable properties. The distributions of velocity, species density and temperature from numerical simulations are used as input to the growth models. The nickel particle diameter obtained from the numerical model is 9.2 nm and the frequency of finding this size in the experiment is 26 on the larger side. The length of the single-walled carbon nanotube obtained from the model is 2.1 µm, which falls in the upper 10% of the size distribution from experiment. Parametric studies are carried out varying the arc current, inter-electrode gap and background pressure. Results showed 40-95% increment in the nanotube length by increasing the background pressure and the inter-electrode gap. A hot-chamber arc discharge method is proposed to maximize the growth of nanoparticles subjected to the conditions identical to those existing in convectional arc discharges.
Introduction
It is well known that carbon nanotubes along with several other nanoparticles were first observed in arc discharges [1] . However, the poor controllability of nanoparticle synthesis in arc discharges led to the development of alternative methods: chemical vapour deposition, laser ablation and plasmaenhanced chemical vapour deposition. Nevertheless, arc discharge synthesis has its own advantages of rapid production with fewer topological defects. A schematic of the most widely used setup for arc discharges is shown in figure 1 . The heliumfilled cylindrical chamber consists of a cathode and a hollow anode made of graphite. The hollow anode is filled with nickel, carbon and yttrium powders. The electrodes are connected to an external dc power source and when the gap between the electrodes is sufficient, an arc is generated. The arc heats and eventually sublimates the anode material. Temperatures in the arc region are high enough to ionize the vapour, which in turn sustains the arc. The combination of carbon and catalyst atoms and ions inside the vapour form nanoparticles. These nanoparticles appear as a web and precipitate on the electrode and chamber walls. Constant pressure is maintained throughout the process. A detailed analysis of the growth mechanism should be carried out to identify the contributing factors for the growth of nanoparticles and hence to improve the controllability.
The majority of multi-walled carbon nanotubes (MWCNTs) are found in the soft core of the cathode deposit while single-walled carbon nanotubes (SWCNTs) are found in the collaret, lateral surface of the cathode, upper wall of the chamber and in the web suspended between the cathode and the chamber walls [2, 3] . It was also observed that the cathode deposit has negligible amounts of Ni, while it is high inside the soot deposited on the electrode lateral surfaces and in the web [4] . Three major methods were proposed for the growth of nanotubes: (1) open-ended growth [5] , which states that atomic-sized sheets of carbon roll to form tubes, (2) two-step growth [6] , which proposes that small flakes of carbon assemble to form large sheets and then roll to form tubes and (3) root growth [7] , which suggests that carbon diffuses through catalyst clusters to form tubes [4] . Either one or all of the three mechanisms may contribute to the growth. Analysis of nanoparticle growth in the cathode deposit is beyond the scope of this paper. The temperature inside the core of the arc region is typically 0.5 eV, which is high for Ni clusters to form. It can also be deduced that the arc temperature is high enough to evaporate the CNT even if formed. The remaining possibilities are growth on the electrode walls, chamber walls and in the vapour just outside the arc. The chamber wall temperature is ≈350 K, which is not sufficient for the growth of nanoparticles and hence, the particles found on the chamber walls may have been transported from those grown in the plasma. The nanoparticles on the electrode walls may be partly deposited from the plasma and partly grown on the surfaces wherever temperatures are conducive. The analysis in this study is restricted to the nanoparticle growth in the plasma and the root growth method is considered here, due to the presence of large Ni clusters outside the arc region. It was shown analytically that the growth rate of nanotubes is terminated due to the solidification of Ni clusters [8] . Considering the condensation temperature of Ni as the starting temperature for nucleation, the region of nanotube growth in the plasma can be outlined using the isothermal lines of temperature distribution inside the chamber [9, 10] .
Inside the growth region, the vapour flux contributing to the growth consists of neutrals and ions of metal and carbon. The nanoparticles are negatively charged due to the high mobility of electrons, creating a sheath of thickness close to the Debye length, and hence ions are attracted towards the nanoparticles as shown in figure 2. A nanoparticle of diameter d np is surrounded by a Debye sphere of radius d np /2 + λ De consisting of a non-neutral plasma. Ions enter the sheath with Bohm speed, v B , at the Debye sphere edge and create a focused flux that contributes to the growth of the nanoparticle [11] [12] [13] . Neutrals, on the other hand, attach to the nanoparticle with thermal velocity v th . However, the focusing of ion flux vanishes if the collisions with the neutrals of the background gas are dominant inside the sheath, which occurs for smaller mean free paths, i.e. λ De > λ mf . In addition, the nanoparticle travels at the flow speed macroscopically, which has to be considered to account for the variation in the contributing factors for nanoparticle growth [14] . The flux balance model used in [14] was for neutral vapour in the exhaust of rocket nozzles. Coming to the specific case of the root growth method of nanotubes, the effect of surface diffusion has to be considered for estimating the flux of carbon atoms. A quasi-steady form of the continuum surface diffusion model was used previously for nanotube growth in stationary plasmas with constant properties [15] .
In this work the effect of nanoparticle velocity and variable properties of the plasma are considered for growth. For a given arc current, (1) the growth region is identified based on the temperature range for Ni cluster formation, (2) the size of the Ni cluster is obtained using the critical cluster approximation for seed formation and then using the flux balance model to find the increase in size as it travels with the flow, (3) the length of the SWCNT is obtained using the continuum surface diffusion model. The possibility of formation of compound and composite materials is not considered. Parametric studies are carried out by changing the arc current, background pressure and electrode gap to understand the effect of plasma parameters on the nanoparticle growth. A hot-chamber arc discharge method is proposed to improve the growth of nanoparticles.
Mathematical formulation

Catalyst cluster diameter
The growth of catalyst clusters can be obtained by first finding the critical cluster size using the Gibbs free energy of formation of a spherical cluster of radius r given by
where σ is the surface energy (surface tension of isotropic materials), V a is the atomic volume and S is the saturation ratio given by the ratio of oncoming vapour pressure p v and equilibrium pressure of the spherical cluster p sat . Equation (1) has maxima at r c = 2σ V a /[k B T ln(S)] with a maximum energy of G c = (4/3)π r 3 c σ . Here, r c is the radius of the critical nucleate. The clusters with r r c are stable and grow larger with further addition of vapour atoms. Furthermore, the probable number of critical clusters may be given using a Boltzmann-like distribution function, n r c = n a exp[− G c /(k B T )], as given in [16, 17] .
The growth model for the cluster moving along a path l is given by [14] 
and
where N is the number of atoms in the cluster, r a is the radius of the atom, r is the radius of the nanoparticle and v l is the velocity of the cluster. The coefficient β is the ratio of the vapour atoms contributing to the growth of a cluster to those arriving onto the cluster's surface. β is given as (R arr − R evap )/R arr . Since the arrival rate (R arr ) and the evaporation rate (R evap ) are proportional to the pressure of the vapour atoms and the equilibrium pressure of the cluster, by assuming that bulk vapour and cluster exist at the same temperature, R evap /R arr = S. The equilibrium pressure p sat of the spherical cluster surface can be calculated from its value corresponding to a flat surface (p * ) using Kelvin's equation, [18, 19] Here, r is the radius of the sphere and R is the gas constant. The flux Q Ni in equation (2) is obtained by adding neutral and ion fluxes, as given by
Finally, Q Ni from equation (3) is substituted into equation (1) to obtain the model for catalyst cluster growth, as given by
where η is the term appearing in the square brackets of equation (3) . The value of η gives the ratio of total flux to the neutral vapour flux.
SWCNT length
The effective flux of carbon atoms j C directly contributing to the growth of nanotube is estimated using the quasi-steady form of the continuum surface diffusion model given by [8, 15] Figure 3 . Nanoparticle growth region and streamlines in the discharge chamber. Particle growth region in the plasma is marked by the isotherms. The inner isotherm corresponds to 3180 K and the outer isotherm corresponds to 1730 K. Streamlines 1, 2 and 3 are coloured with the magnitude of velocity. Nanoparticles are assumed to follow the streamlines, and growth calculations are performed along these paths within the growth region. Modelling and simulation details to obtain the streamlines and temperature distribution are found in [10] .
where x is the length coordinate along the nanotube and Q C is the rate of carbon flux from the bulk vapour arriving on the nanotube surface, which is estimated using equation (6) . D s is the surface diffusion coefficient and τ a is the time required to absorb carbon atoms given by equations (7) and (8), respectively:
where a 0 is the inter-atomic distance for carbon 0.14 nm, υ is the vibrational frequency of the atoms = 3 × 10 13 (a value based on thermal vibrations), δE D is the activation energy for surface diffusion of carbon (0.3-1.8 eV) and E a is the adsorption energy (1.8-3.5 eV) [8] . Equation (6) is solved analytically using the following boundary conditions specified at the root (x = 0) and closed end (x = L) to obtain the flux distribution given by [8, 20] dj c dx x=0 = 0 and In equation (9), L is the instantaneous length of the nanotube, λ D = √ D s τ a is the diffusion length and k = a 0 /τ inc is the kinetic constant of incorporation. The incorporation time, τ inc , is given by
Now, the increase in the length of the nanotube moving along a path l inside the chamber can be estimated using the flux balance equation
where is the area of one carbon atom in the SWCNT. The final equation for the growth of the nanotube is obtained by substituting for j C in equation (11) from equation (9) . The resulting expression is given in equation (12) , which is solved using the Runge-Kutta fourth-order method:
The total flux of carbon, Q C , in equation (12) is substituted from equation (6) . Again, the term in the square brackets of equation (7) is represented by η, which gives the ratio of the total flux to the neutral flux of carbon.
Sample calculations and comparison with experiments
The growth region in the plasma is outlined using the isotherms 3180 K (inner line) and 1730 K corresponding to the condensation and solidification points of Ni. The outlined region for an arc current of 60 A is shown in figure 3 . Now, the path of the nanoparticle in the chamber has to be traced in order to extract the vapour density and temperature local to the particle, which contribute to its growth. Since the particle size varies from nanometre to micrometre, they can be conveniently assumed to follow the streamlines of the flow. Three typical streamlines are shown in figure 3 . The following calculations are performed along streamline 3, which originates inside Figure 5 . Diameter distribution of Ni particles measured at a distance of 20 mm from the electrode axis. The arc current was 60 A. More details on the experiment and measurements can be found in [22] .
the arc core and passes through the growth region. The temperature and species distribution used for these calculations was obtained from a detailed simulation of the arc discharge. Electrode heating and sublimation rate were coupled with flow expansion to evaluate the instantaneous mass rate of ablation self-consistently. A two-dimensional electric field was considered to simulate the arc. A conservative form of the Navier-Stokes equations with electromagnetic source and energy equation was solved. The sublimation rate was calculated using the Langmuir evaporation model. Species diffusion was solved separately for C, Ni and Y to obtain the respective mass fractions inside the fluid domain. Ionization fractions were calculated for the individual species using the Saha equation with LTE plasma assumption. Further details of modelling, boundary conditions and the simulation are found in [10] . For 60 A of arc current, the evaporation model has predicted a value almost double that of the experiment. Nevertheless, the trend shown by the simulation for 10-100 A arc currents was consistent with the experiment values. , is taken from [21] . The surface energy σ = 1.7 N m −1 . Calculations are performed along streamline 3. The mean free path, λ mf , is calculated based on neutral gas density. Here, He neutrals alone are considered as their density is more than three orders of magnitude compared with Ni. Figure 4(a) shows the effect of plasma on the growth of Ni clusters. The abscissa represents the distance along streamline 3 ( figure 3 ) starting from the isotherm corresponding to 3180 K and ending at the isotherm corresponding to 1730 K. The coefficient η shown on the left ordinate reflects the ratio of ion flux to neutral flux (η − 1) contributing to the growth.
The ion density decreases as the particle moves away from the arc and hence η also decreases. The Debye sheath thickness, λ De , shown on the right ordinate, increases with the reduction in plasma density. The mean free path λ mf decreases due to reduction in the temperature. At l = 6 mm, the ion flux to the Ni cluster ceases completely as λ De > λ mf . The resultant growth is shown in figure 4(b) . Although the flux is high in the region up to l = 3 mm, cluster growth is negligibly small due to high rate of evaporation, R evap . From l = 3 mm to 6 mm, a steep increase in the particle diameter d np is observed due to the dominance of ion flux and beyond this point, the growth rate is low due to the cessation of ion flux. The final size of the Ni cluster is around 9.25 nm. It has to be noted here that SWCNT starts growing on the Ni cluster simultaneously, which will reduce the Ni vapour flux to the cluster. The maximum reduction in the area may be 50%. It remains relatively unknown as to exactly when the nanotube starts growing on the Ni cluster. Hence, on an average only 75% of the cluster area is considered to receive the Ni vapour flux. An arc discharge experiment with 60 A current was carried out to measure the Ni particle size. Details can be found in [22] . The diameter distribution of Ni particles in a sample taken at a distance of 20 mm from the arc axis is shown in figure 5 . The diameter varies from 2 to 12 nm and the highest number of particles is of 6 nm. The average size of the particles is 7.5 nm. The size of the Ni cluster obtained from the present simulation at this location is 9.2 nm. From figure 5 , the frequency of finding this size is about 26. As mentioned previously, the evaporation predicted by the simulation was higher compared with the experiment. The accurate values of evaporation may decrease the Ni concentration in the growth region leading to a reduction in the particle size. But, the flow speed also decreases simultaneously, due to the low evaporation rate. The slower flow causes the particle to stay for a longer time in the growth region and eventually increases the particle size. It is not straightforward to state how much change can be expected in the particle size without a detailed simulation to obtain the distributions using a better evaporation model. However, by assuming a linear change in the Ni concentration and the flow velocity in the growth region, according to equation (4), not much change can be observed in the particle size.
SWCNT
In this section, we present calculations that were performed for I = 60 A. An average value was considered for adsorption energy (E a = 2.7 eV) as equation (12) does not account for the radius and chirality of the nanotube. The activation energy corresponding to the lower limit (δE d ≈ 0.3 eV) was considered and δE inc ≈ δE d . The area of carbon atom in the SWCNT, = 2.62 × 10 −20 m 2 . Figure 6 (a) shows that η ≈ 1 for nanotube growth, throughout the growth region even though λ De < λ mf up to l = 6 mm. This means the ion flux no longer contributes to the growth of the nanotube, which is evident from figure 6(b) . The ratio of ion density to neutral density of carbon is negligibly small (<10 −11 ), and even the Debye sheath increases the collecting area. The reason for low ion flux is the high ionization potential of carbon. Figure 6(c) shows the length of the SWCNT as it travels along the streamline in the temperature range 3180-1730 K. The nanotube grows up to a length of 3.6 µm mostly due to neutral flux. The nanotube growth model, used here, cannot specify the diameter; however, the Ni cluster growth model can be used to specify the range of diameters. In fact, it was shown that nanotubes grow as bundles also on a single catalyst particle [7, 23] . The HRTEM image of the nanotube bundle in [7] shows that the diameter of the Ni-Y catalyst particle is 10 nm. Now, it can be deduced from figure 4(b) that the diameter of the single nanotube or a bundle of nanotubes varies from 2 to 9 nm. It has to be noted that equation (12) is suitable for a single nanotube. In the case of bundle growth, it is obvious that the overall length will be shorter as the same amount of surface flux has to be shared between all of the nanotubes in the bundle.
The SWCNT length distribution from the experiments conducted with 70-80 A arc current is shown in figure 7 . More details can be found in [13] . The length distribution shows that 50% of the nanotubes are under 0.6 µm length while 90% are less than 1.3 µm. Also, the SEM image from [13] shows the nanotube grown up to a length of 3.04 µm. The growth calculations performed for 70 and 80 A arc current are shown in figure 8 . The SWCNT lengths are 2.2 µm and 2.02 µm, respectively, for arc currents 70 A ( figure 8(a) ) and 80 A ( figure 8(b) ). The length obtained using the growth model in this study falls in the upper 10% of the observations from experiments.
A few comments on the comparison of numerical results from the steady-state plasma with experiment results should be mentioned here. In [10] , the steady-state value of evaporation rate obtained from the simulation was compared with the average value of evaporation rate obtained after the conclusion of the experiment. The anode erosion increases drastically during the initial few seconds of the experiment and is expected to become more or less steady once the arc is fully established. The arc current, which reflects the anode discharge, becomes steady after a few seconds of the start of the experiment. Small fluctuations (5%) are possible. Note that these fluctuations are stochastic in nature due to cathode and anode spot formation and motion. An analysis of these arc fluctuations goes beyond the scope of this paper. The average values of evaporation rate in the experiment should not be significantly influenced by the evaporation rate during the first few seconds (3-6 s) and due to the minor fluctuations afterwards. Moreover, the average evaporation rate obtained from the simulation showed a similar trend for different arc currents.
The pressure inside the chamber is maintained constant by pumping helium at one location on the lateral surface of the chamber. The pumped gas entrains into the arc region due to the upward velocity of the plasma and temperaturedriven buoyancy. This may affect the plasma temperature on the injection side of the chamber. However, inside the arc the temperature may be uniform due to mixing, but lowered slightly due to the addition of colder helium gas. This sideward injection was not simulated in [10] , instead helium was injected at the anode tip with an average evaporation velocity. The simulation predicted average values of species distributions and temperature symmetric about the axis. Hence the growth model predicts average values of particle sizes about the axis, which are in good comparison with experiment values and it is expected to predict the overall trends.
Results and discussion
Parametric studies
The growth of nanoparticles can be improved by (1) increasing the size of the growth region, (2) increasing the density of contributing species (Ni, Ni + , C and C + ) and (3) decreasing the velocity of the nanoparticle (≈fluid velocity). For a given configuration, contributing species density and velocity are interdependent as velocity is directly proportional to the evaporation rate. Although ion flux has a significant effect on the growth rate, density of C + may not increase without increasing the temperature above 4500 K, at which nanotubes cannot grow.
Keeping this in view, parametric studies were carried out by varying the arc current, background pressure and interelectrode gap. The results are listed in table 1. Columns 2, 3 and 4 represent the arc current, inter-electrode gap and background pressure, respectively. The length of the path traversed by the nanoparticle in the growth region, l, is shown in column 5. The size of the Ni cluster, d np , and the length of the SWCNT, L, are given in columns 6 and 7, respectively. Parametric case 0, which is shown in sections 3.1 and 3.2, is considered as a reference for comparison. Parametric cases 1 and 2 are with arc currents 20 A and 100 A, respectively. Cases 3 and 4 are with background pressures 33 kPa and 132 kPa, respectively. Cases 5 and 6 correspond to electrode gaps of 2 mm and 6 mm, respectively.
The nanoparticle sizes, d np and L decrease with the increase in arc current. This is mainly due to the increment in the flow velocity along the streamline, as shown in figure 9(a) . The velocity increases by 40 m s −1 compared with case 0. Although the density of species Ni, Ni + , C and C + , shown in figures 9(b)-(e), respectively, is high due to increased evaporation, the particles quickly move out of the growth region. On the other hand, a reduction in arc current has the exactly opposite effect on the growth of nanoparticles. Although a considerable increase in the particle sizes is observed, case 1 is avoided here as the error percentage in the anode evaporation rate is high for I = 20 A in the simulations of [10] . Reduced background pressure (case 3) and inter-electrode gap (case 5) accelerate the flow, as shown in figure 9(a) , and decrease the species density as well. Hence the particle sizes also decrease. An increase in background pressure and electrode gap decelerates the flow and also results in an increase in species density along the streamline. The diameter of the Ni cluster increases by 1.1 nm and 2.5 nm, and the length of the SWCNT increases by 1.5 µm and 3.4 µm, respectively, for cases 4 and 6 in comparison with case 0.
The increment in pressure and inter-electrode gap has limitations in terms of transformation to MWCNT growth mode and arc stability. High pressure causes the arrival rate of vapour atoms to exceed the incorporation rate, which may result in the formation of MWCNTs. The species diffusion coefficient is inversely proportional to the pressure, which confines the Ni and C atoms to a smaller region near the arc, as shown in figures 9(b) and (d) for case 4, and increases the arrival rate. A comparison of diffusion coefficients of neutral species for cases 0 and 4 is shown in figure 10 . As expected, a clear reduction in the diffusion coefficient is observed. In addition to this observation, the close match in the diffusion coefficients of C and Ni explains the selection of Ni as the catalyst.
In summary, the above parametric cases 1-6 show that the nanotube length increases by 40-90% within the allowed variations in pressure and inter-electrode gap. Also, these parametric variations have less influence on the size of the growth region or, in other words, the distance (l) travelled by the nanoparticle within the growth region. Hence an external means to increase the size of growth region has to be devised.
Hot-chamber arc discharge
The growth region may be conveniently increased by maintaining the chamber walls at a higher temperature or by feeding preheated helium gas. Keeping the same electrode configuration, the chamber may be replaced by a furnace possibly with MoSiO 2 heating elements to attain the required temperature.
The reference case 0 is considered here with the chamber wall temperature maintained at 1730 K (corresponding to the outer isotherm of the growth region). Figure 11 shows the growth region and streamlines in the hot chamber. Now, the whole chamber serves as the growth region. The nanoparticle growth calculations are shown in figure 12 . The calculations are performed along the middle and bottom streamlines. The Ni cluster diameter, SWCNT length and temperature are shown. Figure 12(a) shows that the Ni diameter is 30 nm and the SWCNT length is 0.25 mm for growth along the middle streamline.
The growth along the bottom streamline for one circulation ( figure 12(b) ) is 35 nm for the Ni particle and 0.23 mm for the SWCNT. The sizes of nanoparticles increase if the particles continue to circulate along the bottom streamline. Figures 12(c) and (d) show the growth for 2 and 5 loops along the bottom streamline. The Ni diameter and SWCNT length are 50 nm, 100 nm and 0.5 mm, 1 mm, respectively. It has to be noted here that the probability of nanoparticles arriving back to the arc region in the loops is less due to the formation of web-like structures. But the particles trapped in the web may continue to grow as long they receive the vapour flux. The size of the Ni cluster may decrease if the proportion of Ni is decreased in the anode. Figure 13 shows the streamlines in the hot chamber with a modified anode composition. The Ni mass fraction In summary, the hot-chamber arc discharge method leads to an increase in the size of the nanoparticles mainly due to the increase in the distance travelled by the nanoparticles in the growth region. However, the growth models used in this study do not consider several other influential factors and physical phenomena. To name a few, temperature difference between nanoparticles and vapour atoms, variation in the activation energy, drag force on the particles, formation of a web structure and the possibility of transition to multi-walled growth mode. Nevertheless, this method ensures the maximum possible growth of nanoparticles, under the influence of the above-mentioned factors, which are common to conventional arc discharges as well. However, numerical analyses using models for finding the distribution of nanoparticles are required to estimate the overall production rate.
Summary
The nanoparticle growth models are extended for particles moving in a plasma. For I = 60 A current, with 4 mm interelectrode gap in helium background of pressure 68 kPa, the Ni cluster size obtained from the growth model is 9.2 nm, while the TEM images of the experiment, from the literature, for this case show that the average diameter is 7.5 nm with a maximum size of 12 nm. The SWCNT length for I = 70-80 A is found to be 2.2-2.05 µm. The measurement from the experiments for this current range showed that 10% of the nanotubes are longer than 1.3 µm with a maximum observed length of 3.04 µm. The numerical analysis showed that the plasma has a significant influence on the growth of Ni particles but not on the SWCNT growth.
Parametric studies were carried out for an arc discharge by varying the current, background pressure and interelectrode gap. Results showed 40-95% increment in the nanotube length by increasing the background pressure and the inter-electrode gap.
A hot-chamber arc discharge method is proposed to increase the nanoparticle growth region based on a root growth mechanism. Growth analysis carried out with the assumption of SWCNT mode throughout showed that there is a possibility of synthesizing nanotubes up to two to three orders of magnitude longer than those synthesized in conventional arc discharges with the same electrode configuration, arc current and background pressure.
